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STANDARD RELIABILITY ANALYSIS
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COMPUTER MODEL
𝑀 𝒙,𝒅

Uncertain variables

𝑥1, … , 𝑥𝑛𝑥 𝑧 = 𝑀 𝒙, 𝒅
Deterministic variables

𝑑1, … , 𝑑𝑛𝑑

Reliability: Does the performance of the system stay below a critical threshold 𝑧𝑐𝑟?

• Limit-state function: 𝑔 𝒙, 𝒅 = 𝑧𝑡ℎ − 𝑧

• Failure domain: 𝐷𝐹 = 𝒙, 𝑔 𝒙, 𝒅 ≤ 0

• Uncertainty handled by using probabilistic theory:
𝑥𝑖 → 𝐹𝑋𝑖 𝑥𝑖

• Failure probability:

𝑃f = Pr 𝑔 𝑿, 𝒅 ≤ 0 = 𝐷𝐹׬
𝑓 𝒙 𝑑𝒙
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CONTEXT
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• Robustness evaluation of reliability quantities (probability of failure) using non probabilistic nested convex
sets

• What other uncertainty representations exist?

• Bibliographic review of uncertainty models used in structural reliability

• How is uncertainty modeled?

• How is uncertainty propagated through the computer model?

• How can the results be interpretated?

• Can different models be used together?

• What is the effect of the uncertainty model on the robustness?
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Summary
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1. Uncertainty representations

2. Hybrid Reliability Analysis

3. Robust Hybrid Reliability Analysis

4. Results
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UNCERTAINTY REPRENSATATIONS
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• Interval model:

𝑋𝑖 ∈ 𝐼𝑋𝑖 = 𝑋𝑖
𝐿, 𝑋𝑖

𝑈 → 𝑔 𝑿, 𝒅 ∈ 𝑍𝐿, 𝑍𝑈 𝑖𝑛𝑡

൞
𝑍𝐿 = min

𝐼𝑋
𝑔 𝑿, 𝒅

𝑍𝑈 = max
𝐼𝑿

𝑔 𝑿, 𝒅
, 𝐼𝑿 =×𝑖=1

𝑛𝑥 𝐼𝑋𝑖

• RS example:
𝑔𝑅𝑆 = 𝑔 𝑅, 𝑆 = 𝑅 − 𝑆

൜
𝑅 ∈ 100; 150

𝑆 ∈ 60; 110
⇒ 𝑔𝑅𝑆 ∈ −10; 90
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UNCERTAINTY REPRENSATATIONS
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• Convex models: 𝐗 ∈ 𝐶 𝐼𝑿, 𝝆 → 𝑔 𝑿, 𝒅 ∈ 𝑍𝐿, 𝑍𝑈 𝑖𝑛𝑡

Interval: Ellipsoïd: Multi-parallelepiped:

• RS example:

൞

𝐶 = 𝑀𝑃
𝐼𝑅 = 100; 150

𝐼𝑆 = 60; 110
𝜌𝑅𝑆 = 0.4

⇒ 𝑔𝑅𝑆 ∈ 18.6; 61.4
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𝐼𝑋2

𝐼𝑋1

𝐼𝑋2

𝐼𝑋1

𝐼𝑋2

𝐼𝑋1

.෥𝒙 .෥𝒙 .෥𝒙𝑑 𝐷

𝜌𝑋1𝑋2 =
𝑑

𝐷

𝜌𝑋1𝑋2 = 0



UNCERTAINTY REPRENSATATIONS
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• Evidence theory:

• Ω 𝑋 : Power set
• 𝐴: Focal set of 𝑋𝑖
• 𝜈𝑋: Basic Probability Assignment

𝜈𝑋: | Ω 𝑋 → 0,1 ,
𝐴 → 𝜈𝑋 𝐴 ;σ𝐴 𝜈 𝐴 = 1

• Two probability measures: Bel E ≤ Pr 𝐸 ≤ 𝑃𝑙 𝐸

𝐵𝑒𝑙 𝐸 = ෍

𝐴⊆𝐸

𝜈𝑋 𝐴 ; 𝑃𝑙 𝐸 = ෍

𝐴∩𝐸≠∅

𝑚𝑋 𝐴

• Application to SRA: 𝐸 = 𝑔 𝑿, 𝒅 ≤ 𝟎

෍

𝐺𝑗⊆]−∞,0]

𝜈𝐺 𝐺𝑗 ≤ 𝑃f ≤ ෍

𝐺𝑗∩]−∞,0]≠∅

𝜈𝐺 𝐺𝑗
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UNCERTAINTY REPRENSATATIONS
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• RS example:

Séminaire IMdR – 17/03/2021

𝑹𝒊 𝝂𝑹 𝑹𝒊 𝑺𝒊 𝝂𝑺 𝑺𝒊

100; 112.5 0.25 60; 72.5 0.25

112.5; 125 0.25 72.5; 85 0.25

125; 137.5 0.25 85; 97.5 0.25

137.5; 150 0.25 97.5; 110 0.25

27.5; 52.5 40; 65 52.5; 77.5 65; 90

15; 40 27.5; 52.5 40; 65 52.5; 77.5

2.5; 27.5 15; 40 27.5; 52.5 40; 65

−10; 15 2.5; 27.5 15; 40 27.5; 52.5

𝐺𝑗

𝜈𝐺 𝐺𝑗 =
1

16

0 ≤ 𝑃f ≤
1

16



UNCERTAINTY MODELS REVIEW
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• Possibility distribution:
𝜋𝑋: | Ω 𝑋 → 0,1

𝑥 → 𝜋𝑋 𝑥

• Two measures: Π E ≤ Pr 𝐸 ≤ N 𝐸

Π𝑋 𝐸 = sup
𝑥∈𝐸

𝜋𝑋 𝑥 ; N𝑋 𝐸 = inf
𝑥∉𝐸

1 − 𝜋𝑋 𝑥

• 𝛼-cuts: 𝑥𝛼 , ҧ𝑥𝛼 = 𝑥, 𝜋𝑋 𝑥 ≥ 𝛼

𝛼

0 𝑥𝛼 ҧ𝑥𝛼

𝜋𝑋

1
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𝜋𝑋

0 𝑥𝛼 ҧ𝑥𝛼

𝜋𝑋



UNCERTAINTY MODELS REVIEW
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• RS example:

𝑃f ≤ 𝑃f ≤ ഥ𝑃f

𝑃f = Pr max
𝐼𝑅𝑆 𝜶

𝑔𝑅𝑆 ≤ 0 = 0

𝑃f = Pr min
𝐼𝑅𝑆 𝜶

𝑔𝑅𝑆 ≤ 0 = 0.008

𝐼𝑅𝑆 𝜶 = 𝑟𝛼1 , ҧ𝑟𝛼1 × 𝑠𝛼2 , ҧ𝑠𝛼2 , 𝛼1~𝑈 0,1 , 𝛼2~𝑈 0,1

Séminaire IMdR – 17/03/2021

0

𝜋𝑅

100 150125 𝑟 0

𝜋𝑆

60 11085 𝑠



UNCERTAINTY MODELS REVIEW
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• P-box model:
• Free p-box:

ത𝐹𝑋𝑖 𝑥𝑖 ≤ 𝐹𝑋𝑖 𝑥𝑖 ≤ 𝐹𝑋𝑖 𝑥𝑖

• Parametric p-box:
𝑋𝑖 → 𝐹𝑋𝑖 𝑥𝑖 , 𝜽𝒊 , 𝜽𝒊 ∈ 𝐷𝜃𝑖

𝐷𝜃𝑖 = 𝜃𝑖1
𝐿 , 𝜃𝑖1

𝑈 , … , 𝜃𝑗𝑁𝜃𝑖
𝐿 , 𝜃𝑗𝑁𝜃𝑖

𝑈
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HRA
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• Presence of both purely aleatory uncertainty 𝑿 with epistemic uncertainty 𝒀.

• Hybrid limit-state function: 𝑔 𝑿, 𝒀

• Example: 
𝑔 𝑋1, 𝑋2, 𝑌 = 100 𝑋2 − 𝑋1

2 2 + 𝑋1 − 1 2 + 100 𝑌 − 𝑋2
2 2 + 𝑋2 − 1 2 − 3

• 𝑋1~𝑁 0; 1 , 𝑋2~𝑁 0; 1

• 𝐼𝑌 = 0.7; 1.1 , ෨𝑌 = 0.9

• ቐ
ҧ𝑔 𝑿, 𝑌 = max

𝑌∈𝐼𝑌
𝑔 𝑿, 𝑌

𝑔 𝑿, 𝑌 = min
𝑌∈𝐼𝑌

𝑔 𝑿, 𝑌
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HRA
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Random variables
𝑿 ∼ 𝐹𝑿 𝒙

𝑔 𝑿, 𝒀 = max
𝐷𝑌

𝑔 𝑿, 𝒀

𝑔 𝑿, 𝒀 = min
𝐷𝑌

𝑔 𝑿, 𝒀

Epistemic variables
𝒀 ∼ 𝑀𝒀

𝑃𝑓 = Pr 𝑔 𝑿, 𝒀 ≤ 0

𝑃𝑓 = Pr 𝑔 𝑿, 𝒀 ≤ 0

How to propagate the different uncertainty representations in order to estimate the bounds on the 
failure probability?



HRA
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• Random Sets (RS):

• A random set Γ is the function:

Γ𝑌: | 0,1 → 𝑆𝑌

𝛼 → Γ𝑌 𝛼

• Γ𝑌 𝛼 : focal element in the support 𝑆𝑌

• Bounds on the probability of the event 𝐸:

𝑃Γ 𝐸 = 𝑃Ω 𝛼 ∈ 0,1 : Γ 𝛼 ⊆ 𝐸, Γ 𝛼 ≠ ∅

𝑃Γ 𝐸 = 𝑃Ω 𝛼 ∈ 0,1 : Γ 𝛼 ∩ 𝐸 ≠ ∅
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HRA
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• RS - Interval: Γ 𝛼 = 𝑌𝑀, ∀ 𝛼 ∈ 0,1

• RS - Convex: Γ 𝛼 = 𝐶 𝑌𝑀, 𝜌 , ∀ 𝛼 ∈ 0,1

• RS - Possibility: Γ 𝛼 = 𝑦 ∈ 𝑆𝑌: 𝜋 𝑦 ≥ 𝛼 , ∀ 𝛼 ∈ 0,1

• RS - CDF: Γ 𝛼 = 𝐹𝑌
−1 𝛼 , ∀ 𝛼 ∈ 0,1

• RS - Free p-box: Γ 𝛼 = ത𝐹𝑌
−1 𝛼 , 𝐹𝑌

−1 𝛼 , ∀𝛼 ∈ 0,1

• RS - parametric p-box  RS - free P-box

1

0

𝛼

Γ 𝛼

Γ 𝛼

𝛼
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HRA
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• Sampling a random set in dimension 𝑁 > 1:

Γ𝒀 𝜶 =×𝑖=1
𝑁 Γ𝑌𝑖 𝛼𝑖 , 𝛼𝑖~𝑈 0,1

• Application to our reliability problem:

𝑃𝑓 = Pr 𝑔 𝑿, 𝒀 ≤ 0 = Pr min
Γ𝑋𝑌(𝜶)

𝑔 𝜶 ≤ 0

𝑃𝑓 = Pr 𝑔 𝑿, 𝒀 ≤ 0 = Pr max
Γ𝑋𝑌(𝜶)

𝑔 𝜶 ≤ 0

𝛼𝑖~𝑈 0,1

• Hybrid problem reduced to two standard reliability analysis
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HRA
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• Example:

𝑔 𝑋1, 𝑋2, 𝑌 = 100 𝑋2 − 𝑋1
2 2 + 𝑋1 − 1 2 + 100 𝑌 − 𝑋2

2 2 + 𝑋2 − 1 2 − 3

𝑋1~𝑁 0; 1 , 𝑋2~𝑁 0; 1 , 𝑌~𝑇𝑟𝑖 0.765; 0.9; 1.035 , MC sampling 𝑁 = 105

Séminaire IMdR – 17/03/2021𝛼1

𝛼2

𝛼3

෡𝑃f = 0.00237

෡𝑃f = 0.00087



INFO-GAP ROBUSTNESS ANALYSIS
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IG
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Objective: Guarantee that a quantity of interest stays acceptable after perturbations on the nominal design.

• Info-Gap robustness and opportuneness quantification:

ℎ∗ = max
ℎ

max
𝑌∈𝑈 ℎ,෩𝒀

𝑃f ≤ 𝑃f
𝑐𝑟 , ℎ ≥ 0 ; 𝛽∗ = min

ℎ
min

𝑌∈𝑈 ℎ,෩𝒀
𝑃f ≤ 𝑃f

𝑟𝑤 , ℎ ≥ 0

ℎ1
ℎ2

ℎ3

𝑌1 − ෩𝑌1
෩𝑌1

𝑌2 − ෩𝑌2
෩𝑌2

0

𝐴

𝐵

𝐶

𝑃f

ℎ

ℎ1

ℎ2

ℎ3

𝑑1

𝑑2

𝐴

𝐵

𝐶𝐶

𝐵

𝐴

𝑑2 ≥ 𝑑1 𝑑1 ≥ 𝑑2
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IG
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• IG Value of Information:

The uncertainty model 𝑈1 is more informative than 𝑈2 if:

𝑈1 ℎ, ෨𝑌 ⊂ 𝑈2 ℎ, ෨𝑌

which implies:

ℎ2
∗ 𝑝𝑓

𝑐𝑟 ≤ ℎ1
∗ 𝑝𝑓

𝑐𝑟

𝑃f

ℎ

𝐿𝑒𝑠𝑠 𝑖𝑛𝑓𝑜

𝑀𝑜𝑟𝑒 𝑖𝑛𝑓𝑜

Robustness premium Δℎ∗

Demand value Δ𝑃f
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ROBUST HRA
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ΓY: Ω → 𝑆𝑌, 𝛼 → ΓY 𝛼

𝑆𝑌 = 𝑌, ෨𝑌 1 − ℎ ≤ 𝑌 ≤ ෨𝑌 1 + ℎ

෨𝑌

𝑆𝑌 ℎ1

𝑆𝑌 ℎ2

𝑆𝑌 ℎ3

Γ𝑝𝑟𝑜𝑏𝑎 Γ𝑝𝑜𝑠𝑠𝑖 Γ𝑝−𝑏𝑜𝑥

𝑝𝑓 ℎ = 0 𝑝𝑓 ℎ = 0 𝑝𝑓 ℎ = 0

𝑃f ℎ1 𝑃f ℎ1 , 𝑃f ℎ1 𝑃f ℎ1 , 𝑃f ℎ1

𝑃f ℎ2 𝑃f ℎ2 , 𝑃f ℎ2 𝑃f ℎ2 , 𝑃f ℎ2

𝑃f ℎ3 𝑃f ℎ3 , 𝑃f ℎ3 𝑃f ℎ3 , 𝑃f ℎ3

෨𝑌

𝑆𝑌 ℎ1

𝑆𝑌 ℎ2

𝑆𝑌 ℎ3

෨𝑌

𝑆𝑌 ℎ1

𝑆𝑌 ℎ2

𝑆𝑌 ℎ3
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ROBUST HRA
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• Demand value between Γ𝑌
𝑖

and Γ𝑌
𝑗

:

rmax = Δ𝑃f
𝑖𝑗

= 1 −
ഥ𝑃f

𝑖

ഥ𝑃f
𝑗

• Groups of comparison:
- 𝐺1: Interval – Trapeze poss – Triangle poss – Uniform

- 𝐺2: free p-box – param p-box

- 𝐺3: Interval – Convex parallelepiped

- 𝐺4: DS – Proba and DS – Poss
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ROBUST HRA
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Sensitivity analysis:

𝑆𝑟𝑚𝑎𝑥
=
Δ𝑃f

𝑖𝑗 (𝑘∗)

Δ𝑃f
𝑖𝑗

Δ𝑃f
𝑖𝑗 (𝑘∗)

= 1 −
ഥ𝑃f

𝑖

ഥ𝑃f
𝑗 𝑘∗

𝑌 𝑖 = 𝑌1
𝑖
, … , 𝑌𝑁𝑌

𝑖

𝑌 𝑗 𝑘∗ = 𝑌1
𝑖
, … , 𝑌𝑘∗

𝑗
, … , 𝑌𝑁𝑌

𝑖
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TOY CASE 1: MATHEMATICAL FUNCTION
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TC1: MATHEMATICAL FUNCTION
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• Hybrid limit-state:

𝑔 𝑋, 𝑌 = 𝑌 + sin
5 𝑋1 + 1.5

2
−

𝑋1 + 1.5 2 + 4 . 𝑋2 + 1.5

20

• 𝑋1, 𝑋2~𝑁 0,1 , ෨𝑌 = 3.5, ℎ ∈ 0, 0.5

• Hybrid limit-state shape:

Séminaire IMdR – 17/03/2021



TC1: MATHEMATICAL FUNCTION
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• Results for 𝐺1:

Robustness and opportunity Robustness premium
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TOY CASE 2: CANTILEVER BEAM
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TC2: CANTILEVER BEAM
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𝒀 ෨𝑌

𝐹1 𝑘𝑁 3

𝐹2 𝑘𝑁 3

𝜃1 𝑟𝑎𝑑 0.175

𝜃2 𝑟𝑎𝑑 0.350

𝑇 𝑁.𝑚 90

𝑿 Distribution 𝑷𝒂𝒓𝒂𝒎 𝟏 𝑷𝒂𝒓𝒂𝒎 𝟐

𝑃 𝑘𝑁 Normal 12 1.2

𝑡 𝑚𝑚 Normal 5 0.1

𝑑 𝑚𝑚 Normal 42 0.5

𝐿1 𝑚𝑚 Uniform 119 121

𝐿2 𝑚𝑚 Uniform 59 60

𝑔 𝑋, 𝑌 = 𝜎𝑦 − 𝜎𝑥
2 + 3𝜏𝑥𝑧

2

𝜎𝑥 =
𝑃 + 𝐹1 sin 𝜃1 + 𝐹2 sin 𝜃2

𝐴
+
𝑀𝑑

2𝐼

𝜏𝑥𝑧 =
𝑇𝑑

4𝐼
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TC2: CANTILEVER BEAM
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• Results 𝐺1:

Séminaire IMdR – 17/03/2021

Robustness and opportunity Robustness premium



TC2: CANTILEVER BEAM
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• Sensitivity Results 𝐺1:

Séminaire IMdR – 17/03/2021

Interval to trapezoïdal Trapezoïdal to triangular



TC2: CANTILEVER BEAM
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• Results 𝐺3:
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CONCLUSIONS AND PERSPECTIVES
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Conclusions:

• Mixed uncertainty is often present in industrial applications

• Random Sets is a suitable framework for modeling and propagating different types of uncertainty
models

• An info-gap approach is proposed to compare the different epistemic models through a robustness
analysis

Perspectives:

• How to quantify the value of information?

• Sensitivity analysis, dependency between variables with different uncertainty representations

• Very expensive calculations Need for smart optimization algorithms and surrogate models
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