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STANDARD RELIABILITY ANALYSIS

Uncertain variables
X1y e X g COMPUTER MODEL
Geas 2, » z=M(x,d)
Deterministic variables ‘ M(x, d)
(dy, ... dn,) '
Reliability: Does the performance of the system stay below a critical threshold z,,.?
 Limit-state function: gx,d) =z, — 2z
120 4 — g(r,s)=0
* Failure domain: Dr ={x,g(x,d) <0} | oo
* Uncertainty handled by using probabilistic theory: g o] -k
x; = Fy,(x;) L
* Failure probability: BESE RSO
Pf = Pr(g(X’ d) S 0) == fDFf(x)dx a0 60 80 100 120 140 160
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CONTEXT

* Robustness evaluation of reliability quantities (probability of failure) using non probabilistic nested convex
sets

 What other uncertainty representations exist?

e Bibliographic review of uncertainty models used in structural reliability

* How is uncertainty modeled?

* How is uncertainty propagated through the computer model?
* How can the results be interpretated?

e Can different models be used together?

* What is the effect of the uncertainty model on the robustness?
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1. Uncertainty representations
2. Hybrid Reliability Analysis
3. Robust Hybrid Reliability Analysis

4. Results
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UNCERTAINTY REPRENSATATIONS

* |nterval model:

X € Iy, = [X0.X] > gX,d) € [24,2V]@D

ZY = min g(X, d)
Ix

, o Iy =xE Iy
7V = n}axg(X, d) X7 7i=1 7k
X

* RS example:
grs =9g(R,S)=R—-S

{R € [100; 150]

sef60;110] — Irs €1710;90]
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UNCERTAINTY REPRENSATATIONS

 Convex models: XeC(yp) » gX,d)e [ZL,ZU](int)
Interval: py x, =0 Ellipsoid: Multi-parallelepiped: d
1 - 0 pX]_XZ = E
.’i IX2 o% IXZ IX2
) IX1 g < IX1 > <

* RS example:
C =MP
I =[100;150]
I = [60;110]
Prs = 0.4

= ggrs € [18.6;61.4]
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UNCERTAINTY REPRENSATATIONS

 Evidence theory:

 Q(X): Power set
* A:Focal set of X;
* Vy: Basic Probability Assignment
vx:| Q(X) - [0,1],
A-vx(4) ;24v(4) =1

* Two probability measures: Bel(E) < Pr(E) < PI(E)
Bel(E) = ) vy() ; PUE)= ) my(4)
ACE ANE#0Q

* Application to SRA: E = {g(X,d) < 0}

), vel@)spis ) vil6)

ng]—O0,0] Gjﬂ]—O0,0]-‘#@
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UNCERTAINTY REPRENSATATIONS

* RS example:

R ve®) | S| vsG)

[100; 112.5]
[112.5;125]
[125;137.5]
[137.5; 150]
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0.25
0.25
0.25
0.25

[60; 72.5]
[72.5; 85]
[85;97.5]
[97.5; 110]

[27.5;52.5] [40; 65] [52.5;77.5] [65;90]
0.25 c [15; 40] [27.5;52.5] [40; 65] [52.5;77.5]
j
0.25 T
o vG(G,-) = — [2.5;27.5] [15; 40] [27.5;52.5] [40; 65]
0.25 [—10;15] [2.5;27.5] [15; 40] [27.5;52.5]
0 < P < 1
=16
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UNCERTAINTY MODELS REVIEW

e Possibility distribution:

mx: | QUX) = [0,1]

x = Ty (x)
* Two measures: [I(E) < Pr(E) < N(E)
[y (E) =supmy(x) ;Ny(E) = inf(l — nX(x))
XEE XEE
* a-cuts: [ga,fa] = {x,my(x) = a}
Tty US's U5’¢
1
o e N N
0 Xa fa ’ 0 Zafa ’ ”
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UNCERTAINTY MODELS REVIEW

* RS example:

»

0/ 100 125 150 r 0/ 60 85 110 s

v

Pr( max 9rs < 0) =0

Irs(a

Pr( m1n 9rs < 0) = 0.008

Irs(a)

IRs(a) = [7_"“1,7"“1] X [Eaz’saz]' a1~U(0,1), az"’U(O,l)
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UNCERTAINTY MODELS REVIEW

* P-box model:

* Free p-box:

e Parametric p-box:
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Fx,(x;) < Fx,(x;) < Fy,(x;)

X; = Fy,(x;,

0;), 8; € Dy,

= {{65.08). -

[JNH’
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Hybrid Reliability Analysis
(HRA)




Presence of both purely aleatory uncertainty X with epistemic uncertainty Y.

Hybrid limit-state function: g(X,Y)

Example:

g(X1, X5, V) =100(X, — X3)2 + (X; — 1D?+100(Y = X2)? + (X, — 1)? -3

X;~N(0;1),X,~N(0;1)
I, =[0.7;1.1],Y = 0.9

gX,Y) =maxg(X,Y)
YEly
gX,Y) = ;rg,gg(X, Y)
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Random variables
X ~ FX(x) \\\\

- -
gX.Y) = max g(X,Y) Pr=Pr(g(X,y) <0)

Ptae gX,Y) = rrl%in g(X,Y) P = Pr(g(X,Y) < 0)
.- . Y (=

Epistemic variables | _ -
Y ~ My

How to propagate the different uncertainty representations in order to estimate the bounds on the
failure probability?
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« Random Sets (RS):

e Arandom set I'is the function:
Iy:| [0,1] = Sy

a - Iy(a)
* Iy(a) :focal element in the support Sy

* Bounds on the probability of the event E':

&(E) = Po({a € [0,1]:T(a) € E,T'(a) + 0})

Pr(E) = Po{a € [0,1]:T(@) N E # @})
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e RS- Interval: M) =YM, vael01]

* RS- Convex: I['a) =Cc(YM, p),Vacel01]

* RS - Possibility: INa)={yeSy:n(y) = a},Vae]|0,1] ,
e RS- CDF: I'(a) = Fy Y (a),Vae0,1]

* RS - Free p-box: ['(a) = |y (@), FF Y (a)],va € [0,1]

* RS - parametric p-box = RS - free P-box
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HRA

 Sampling a random set in dimension N > 1:

Iy(@) =xil, Iy, (a;), a;~U(0,1)

* Application to our reliability problem:

f_ . _ .
Ps = Pr (Q(X, Y) < 0) = Pr (Fg}/l(r}x)g(a) < O)

4 a;~U(0,1)
Pr=Pr(g(X,Y)<0)=P a) <0

B =PrgX ) < 0) r(max g(a) < 0)

* Hybrid problem reduced to two standard reliability analysis
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HRA

 Example:

g(X1,X5,Y) =100(X, — X2 + (X; — 12 +100(Y —X5)? + (X, —1)2 -3

X,{~N(0;1),X,~N(0;1), Y~Tri(0.765; 0.9;1.035), MC sampling N = 10°

I
2
§ . P; = 0.00237
i - :
% L P¢ = 0.00087
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INFO-GAP ROBUSTNESS ANALYSIS



|G

Objective: Guarantee that a quantity of interest stays acceptable after perturbations on the nominal design.
* Info-Gap robustness and opportuneness quantification:

h* =max|{ max P;<Pf"\,h >0 ; *=minf{ min Pe<P/MM\,h >0
h {Yeu(h,Y) f f } g h {Yeu(h,?) f f }

>
!

1
1
1
|
1
1
1
|
|
———————— — ————'——— ————————

d, >d, | d, >d,  Pr
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|G

* |G Value of Information:
The uncertainty model U; is more informative than U, if:

Uy(h,Y) c Uy(h,Y)
which implies:
hy(pf") < hi(pf")

Robustness premium Ah*T

More info

Less info

< »

<% —_—

Demand value AP;
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ROBUST HRA



ROBUST HRA

FY: Q- Sy, a— Fy(a)

Sy ={Y,Y(1-h) <Y<Y +h)}

A Fproba A Fpossi A Fp—box
Y ps(h =0) Y pr(h =0) Y ps(h =0)
Sy(ha) Pr(hy) Sy (hy) Pi(hy), Pr(hy) S Pi(hy), Pr(hy)]
S Pi(hz) s ) Pe(hy), Pr(hy)| oty [P Pt
v (ha) Fills) 5y (ha) Pi(hs), Pi(hy) o) Pi(hy), Pr(hy)
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ROBUST HRA

* Demand value between Féi) and Féj):

i p.
'max = AP =1 e
P
* Groups of comparison:

- (1: Interval — Trapeze poss — Triangle poss — Uniform
- G5: free p-box — param p-box
- (13: Interval — Convex parallelepiped

- (G4: DS — Proba and DS — Poss
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ROBUST HRA

Sensitivity analysis:

AP
Tmax — APf(U)
= (i)
Nk _ 4 Pr
APf =1 P_(j)(k*)
f

v = [r®, v

YO = y®, v, v
Y
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TOY CASE 1: MATHEMATICAL FUNCTION



TC1: MATHEMATICAL FUNCTION

* Hybrid limit-state:

5(X; + 1.5 X; +1.5)2%+4).(X, + 15

g(X’Y):“_Sin((l ))_((1 ) ). (X, )
2 20

* X1, X,~N(0,1), Y = 3.5,

h € [0,0.5]

* Hybrid limit-state shape:

ot 1 aan (1 905 1000
0.70 0,965 0.0700.975 0.950 0.0985 0.9900.995
965 (L0970 .
a
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TC1: MATHEMATICAL FUNCTION

* Results for Gy:

Robustness and opportunity Robustness premium

[t

. T -025

T -082

T -0.99
T 173 -

T T 247
[ -2.84

0.4 4

0.3 1

0.19q —— interval
— trapeze -3.21
—ingle uniform
0.04 — ulnlform | . . | h- 0.3 triangle
104 10~ 10-2 10! 0.4 trapeze
7y, 05 interval
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TOY CASE 2: CANTILEVER BEAM



TC2: CANTILEVER BEAM

Z
£ F
/ﬁ AN 430
et P gX,Y) =0y, — \/O’x + 31%,
] (-@ P * P +F1 Sin91 +F2 Sin92 Md
1 X =
SR %x A 20
L Td
_/ - L, 7’-J(,'Z
-
F;(kN) 3 P(kN) Normal
F,(kN) 3 t(mm)  Normal 5 0.1
0, (rad) 0.175 d(mm)  Normal 42 0.5
0, (rad) 220 Ly(mm)  Uniform 119 121
T(N.m) 90 .
L,(mm)  Uniform 59 60
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TC2: CANTILEVER BEAM

* Results Gy:

Robustness and opportunity Robustness premium

0,05 1 W " o
A h L
" \ i
W ,,.I
0.04 h W 4
\T "‘ f “..
’ i
1 L 1
L ' 0.00
0037 % %\ | 034
X W W oy I L
= h | | -0.68
&% | -1.02
0.02 1 |
[ 136
L 470 £
0.01 + interval "'l,' | 2.03
—— trapeze ‘ﬂ- . -2.37
— triangle -2.M
0,00 - unifarm ifi -3.05
w0t w1t 100t s 10m2 tiangle uniform
P P 0.05 trapeze
n= ? interval P
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TC2: CANTILEVER BEAM

* Sensitivity Results G;:

Interval to trapezoidal Trapezoidal to triangular
064 ® ¢ 124 b e I
_ *
® . ° 1.0 o 4
0.5 ° ¢ o
0.4 1 °
e F 06 ® ®
- ®
e .
031 o o, ® ° F 04 : *
mL ) - . .
e ¢ @ e
024 ® 7T ° o ¢ 024 ® ¢ . .
L |
T 0o : v : 8
0.1 - ° ® g
8
' ® ' —0.2
0.0 o e ® ] s
. —0.4 1 ° ¢
CHIJ‘l DI:JE 'D'IIJS D':J-L Dl:]a lIZI.'IlJl DI:JE 'IZI'IIJS 0:14 D':Ja
h h
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TC2: CANTILEVER BEAM

* Results G5:

0.04 4

0.03

0.02 4

0.01 4

0.00
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CONCLUSIONS AND PERSPECTIVES

Conclusions:
* Mixed uncertainty is often present in industrial applications

 Random Sets is a suitable framework for modeling and propagating different types of uncertainty
models

* Aninfo-gap approach is proposed to compare the different epistemic models through a robustness
analysis

Perspectives:
* How to quantify the value of information?
e Sensitivity analysis, dependency between variables with different uncertainty representations

* Very expensive calculations = Need for smart optimization algorithms and surrogate models
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